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Abstract. In this work we prove that if S is a dual bounded sequence of points in the unit ball B 
of C ra for the Hardy space H P (M), then S is H S (M) interpolating with the linear extension property 
for any s 6 [l>p[. 

1. Introduction. 

Let B be the unit ball of C n and a the Lebesgue's measure on <9B. As usual we define the Hardy 
spaces H P (M) as the closure in L p (dM) of the holomorphic polynomials and H°°(M) as the algebra 
of all bounded holomorphic functions in B. 

If a G B we note k a (z) its Cauchy kernel and k atP (z) its normalized Cauchy kernel in H P (M): 
1 k 

ka(yZ) := (l-o-z)*' kaM := JkJ~ p 
We know that \\k a \\ p = c(a,p)(l — \a\ 2 )~ n l p ' with i + i = 1, < a < c(a,p) < (3 and a, ft 
independent of a G B and of 1 < p < oo. 
We shall need some definitions. 

Definition 1.1. We say that the sequence S C B is dual bounded in H P (M) if a dual system 
{Pa}aes C H P (M) for {k a ^ p/ } aeS exists and if this sequence is bounded in H P (M), i.e. 



3C> ■ ■ ■ Va G S, \\p a \\ p < C, Va, b G S, (p a , k b j) = 5 a . 



b- 



Definition 1.2. We say that a sequence S C B is H P (M) interpolating for 1 < p < oo, S G IH P ( 
with interpolating constant Cj > if 

VAGF, 3feH p (M).-.\/aeS, f(a) = \ a \\k a \\ p , and \\f\\ p < & \\X\\ p . 
We say that S C B is H°°(M) interpolating, S G IH°°(M), with interpolating constant Cj if 

VAG£°°, 3feH°°(a).-.VaeS, /(a) = A a and ||/|L < C x WM^. 

Clearly if S is H P (M) interpolating, then S is dual bounded in H P (M). In one variable, L. 
Carleson |4] proved the converse for p = oo and H. Shapiro & A. Shields [6] did the same for 
H P (B), 1 < p < oo. 

In [1] we proved, in the general setting of uniform algebras, that if S is H p interpolating then 
S is H s interpolating for any s such that 1 < s < p provided that some structural hypotheses are 
verified. This is valid here, in the case of the ball. 

Definition 1.3. We say that the H P (M) interpolating sequence S has the linear extension property 
(LEP) if there is a bounded linear operator E : £ p — >H P (M) such that \\E\\ < oo and\/X G £ p , EX 
interpolates the sequence X in H P (M) on S. 

In [2] we proved by functional analytic methods still in the general setting of uniform algebras, 
that if S is dual bounded in H p then for any s such that 1 < s < p, S is H s interpolating with the 
LEP, provided that p = oo or p < 2. Hence it remains a gap, the values of p g]2, oof. 

The aim of this work is to fill this gap in the special case of the ball. 
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Theorem 1.4. Let S C B be dual bounded in H P (M), then S is H S (M) interpolating with the LEP, 
for any s < p. 

2. Carleson sequences. 

Remember that k a ^ q is the normalized reproducing kernel for the point a G B in H q (M). 

Definition 2.1. We say that the sequence S C B is a Carleson sequence if, for any q such that 
1 < q < oo, we have 



3D q > 0, V/i G £ q , 



^ ^ Pa,k a ,, 



a&S 



<D q M\ q . 

q 

In fact, up to the duality H P (M) — H q (M), it is proved by Hormander [5] that this condition, 
for a q > 1, is equivalent to the fact that the measure x := (1 — l a | 2 ) n ^a is a Carleson measure, 

aeS 

hence if the condition is true for a q > 1 it is true for all q's. 

P. Thomas [7] proved that if the sequence S is H P (M) interpolating for a p > 1, then 7 is a 
Carleson measure, hence S is a Carleson sequence. As a corollary of this result we have 

Lemma 2.2. If S is dual bounded in H P (M) for a p > 1 then S is a Carleson sequence. 

proof: 

the dual system {p a } a es C H P (M) exists and is bounded in H P (M). Let 
Pa,i '■= Pak a , P > with p' the conjugate exponent for p. Then we have 

Va G £?, \\p a ,l\\l < IIPa||p ||fca,p'|lp' < \\Pa\\p < C. 

Moreover p a ,i{b) = p a (b)k a , p '(b) = S ab p a (a)k a ^(a) = 5 ab (l - \a\ 2 y n . Hence {p a ,i}ae.s is a dual 
system for {k a>00 } a€ s and this means that S is also dual bounded in i^ 1 (B). But then it is clear 
that a dual bounded sequence in H 1 ^) is H\M) interpolating and we can apply Thomas' theorem 
to conclude. □ 

3. The main result. 
We are now in position to prove the theorem 11.41 

We shall need the following lemma which was proved for the Poisson Szego kernel in the ball in [3]. 
We put on <9B the pseudo-distance 5((, z) := 1 — £ • z\ and set D its constant in the quasi triangular 
inequality, i.e. 

Va, b G dM, S(a, b) < D(S(a, c) + 5(c, 6)). 

£n(p-i) 

Lemma 3.1. The kernel K t ((,z) := = — verifies for p > 1: 

|1 - (1 — *)C ■ z\ 

(H2) \K t ((, z)\ < Ct Q {5{(, z) + t)- a - n , with a = n{p-l)> 0. 
(113) For any C, z , z, t such that 5(z , z) < j^(t + 8(£, zq)) we have 
\K t ((,z)-K t ((,z )\ < C5(z ,z) 1 / 2 (5((,z )+t)- n - 1 / 2 . 

Proof 

the condition is for small t and we have, with a — n(p — 1) 
and the condition (H2). 
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For (H3) we have 



j.n{p-l) 

(3.D \m, *) - *,«, „)i = (t+mzo)r(t+mz)r k* + *«, *))- - (« + «<c, «)H ■ 

The function x — '■= % np verifies 

|/(o) - f(b)\ = \b-a\ \f(c)\ = \b-a\ np \c\ np ~ l , c e)a, b[ 
by the mean value property, hence here we get 

\(t + 6(Cz )ri>-(t + 5((,z)r*>\<\6(Cz )-6((,z)\max ({t + 6{C, zq))^ 1 , (t + 5((, z))^" 1 ) . 
We have 

t n(p-l) < min ^ + 2b ))n(p-l) j ( t + gfa z ))n(p-l)) ; 

because n(p — 1) > 0. 

Let A := max ((t + 8((, z )), (t + 8((, z))) , B := min ((i + o(C, z )), (t + 8((, z))) then putting 
the last two inequalities in (13.11) we get 

\K t ((, zo) - K t ((, z) | < |5(C, z ) - 6(£, z) | A~ x B~ n . 
By the quasi triangular inequality we have 

5(C z ) < D (5(C, z) + 5(2, z )) =>* + 8(C, z) > D- 1 (t + 5((, z )) - 8(z , z), 

because D > 1. But we have S(z , z) < -^{t + S(C, z j) hence, t + 5((, z) > (t + <5(£, z )) so we 

always have A~ l B~ n < C{t + 5((, zo))""" 1 - 

Now we shall take advantage that d(a, b) := a/ S(a, b) is a distance on dM. We have 
\S(C, z ) - 5(C, z)\ = |d 2 (C, zo) - d 2 ((, z)\ = |d(C, zo) - d(C, ^)| (d(C, *>) + d(C, 2)). 
Because d is a distance, |d(£, z ) — d(£, z)| < d(z , 2) = o" 1 / 2 ^, 2). On the other hand 

d(C, z) < d(C, zo) + d(z , «)=>d(C, z ) + d(C, z) < 2d(C, z ) + d(z , z) < <Vt + 5(£, z ), 
again with 5(zo, z) < ^(£ + <5(£, Zq)). So finally we get 

|^(C, zo) - *Q(C, *)| < C8^ 2 (z , z)(t + o(C, z ))-"- 1/2 , 
and the lemma. □ 



3.1. Proof of the theorem. Suppose that the sequence S is dual bounded in H P (M), i.e. there is 
a sequence {p a }aes C /P(B) such that 

Va G 5", ||p a || p < C, (p a , k btP >) = 5 ab . 
Now fix s < p and let v G We have to show that we can interpolate the sequence v in H S (M). 

Let g be such that - = — I — and write Va G S, v a = A a /i a with A a := t\ \v a \ s and 

s p q ' Ua ' 

Pa '■= Wa\ s ; tnen A G £ p , p £ £ 9 and ||t>|| s = ||A|| p 

c(a, g)c(a, 5') 

Let A; ag the normalized reproducing kernel for a in if 9 (B) and set 7 a := — — - ,. , ' — -^which is 

c(a,p)c(a,2) 

bounded above and below by strictly positive constants independent of a G B. In particular we 
have 3C7 > 0, Va G B, 7a < C. 

Let ft := 2J ValaPaK,q = laKPaPaK,q ] h takes the "good" values on 5 : 

V6 G 5, ft(6) = ^JaVaPaifyka^b) = ^bPb{b)h,q{ h ) = V b \\h\\ 8 i , 

aeS 

because 
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lbpb{b)h tq {b) = 7 b \\k b \\ , ^P^- = -f b c{b,p') C ^l 2 \ (1 - \b\\, = ||/,,,||,, 



' P ' \\h\\ q 10 V "'c(b,q) 

c 1 1 1 

by use oi - = — I — . 

s p q 

Moreover h depends linearly on v. 

It remains to estimate its H S (M) norm. 

We have, using Holder inequalities 

(\ i/p / \ W 

Letg:= \p a A 



1/p 

we have 



aeS aeS 

hence g G L p (a). 

So to have /i in L s (a) it suffices to prove that 

a£S J 

So let / := I^T' 1^,/' we sha11 show that / e Lq/P ' (l > P'^^ > !)• 

(1 - |a| 2 )" /9 ' 
From ka, q = , we get 

— r np 

|1 — a ■ z\ \1 — a ■ z\ 

Now the measure x := (1 ~~ | a | 2 ) n ^a is Carleson by lemma 12721 and the kernel 



A (a, 



2 \n{ P '-l) 



\l-a-z\ np 

verifies (H2) and (H3) by lemma I3"TT| then we can apply the results in [3] : if x is a Carleson measure 
and a G L r (x) then the balayage of the measure ad\ by the kernel K(a, z) is in the space L r (a). 

Here, let r) a (z) be a smooth function with support in the hyperbolic ball centered at a and with 
radius r > so small that these balls are disjoint for a G S and such that r) a (a) = 1. Let 

np' 

aeS 

if a G L q l p (x), we have that its balayage, which is precisely /, is in L q ^ p (a). 
But we have 



^ .-. ^- c ~ ^- c 



aG5 a£S 

and we are done. □ 



A CARLESON TYPE CONDITION FOR INTERPOLATING SEQUENCESIN THE HARDY SPACES OF THE BALL OF C"5 



References 

[1] E. Amar. Interpolation of interpolating sequences. (To appear in) Indagationes Mathematicae, 2006. 

[2] E. Amar. On linear extension for interpolating sequence. In F. Meylan, editor, Journes Complexes du Sud, 2006. 

[3] E. Amar and A. Bonami. Mesure de Carleson d'ordre a et solution au bord de Pequation 3. Bull. Soc. Math. 

France, 107:23-48, 1979. 
[4] L. Carleson. An interpolation problem for bounded analytic functions. Amer. J. Math., 1958. 
[5] L. Hormander. A LP estimates for (pluri-) subharmonic functions. Math. Scand., 20:65-78, 1967. 
[6] H. Shapiro and A. L. Shields. On some interpolation problems for analytic functions. Amer. J. Math., 83:513-522, 

1961. 

[7] P. J. Thomas. Hardy space interpolation in the unit ball. Indagationes Mathematicae, 90(3):325-351, 1987. 

Universite Bordeaux I, 351 Cours de la Liberation, 33405 Talence France. 
E-mail address: Eric.Amar@math.u-bordeauxl.fr 



